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I11.1 Time continuous filtering

Framework :

s(t) is a time continuous signal (~~ electrical tension)

s(t) is real-valued
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I1l.1.a Time continuous filtering : filtering using electronic circuit

Combination of electronic resistance and elecctronic
capacitor leads to

dVv(t) dv(t) dMu(t) du(t)

— . —_— t) = by———=+...+b1———=+bgu(t
AN N +..4a pm +agv(t) = by Y +...+bh p” +bou(t)
where

@ u(t) is the input voltage
@ v(t) is the output voltage

and the {ap]o<n<ny and {bmlo<m<m are reals
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I1l.1.a Time continuous filtering : filtering using electronic circuit

After Fourier transform

dVv(t) dv(t) dMu(t) du(t)
cota—— ty=»>b ...+b bou(t
anN— oy et taov(t) = byt b= = bou(t)
gives
an(iw)Vo(w) + ... + a1 (iw) ¥ (w) + ag¥(w)
= by (iw)Ma(w) + ... + by(iw)d(w) +boli(w)
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I1l.1.a Time continuous filtering : filtering using electronic circuit

And

an(iw)V0(w) + ... + a1(iw)V(w) + ag¥(w)
= bu(iw)Mi(w) + ... + by(iw)ii(w) +boii(w)

can be rewritten

N M
V(w) Z ap(iw)" = 0(w) Z bn(iw)"
n=0 m=0
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I1l.1.a Time continuous filtering : filtering using electronic circuit

Consequently, the operator that associates u(t) (input) to v(t)
(output) such that

N M
V(w) Z ap(iw)" = b(w) Z bm(iw)"
n=0 m=0

is a time-invariant linear operator (i.e., a convolution) with an
impulsional response h(t) (i.e. the filter of the convolution) whose
Fourier transform is

(@) _ XN an(iw)”
@)~ SM bo(iw)”

A v
hw) = 3
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I1l.1.a Time continuous filtering : filtering using electronic circuit

The considered electronic circuit corresponds to a filter h(t)
defined by

o S o bm(iw)™
A _ Zm=0P"m\I%)
()= SN i)

which we can rewrite

where N and D are two polynomials with real coefficients.
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I11.1.b Time continuous filtering : Causality and Stability

N and D : polynomials with real coefficients :

Theorem : The filter h(t) is causal and stable iff
(i) N < oD
(ii) All the solutions of D(z) = 0 are such that (z) < 0
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I11.1.c Time continuous filtering : Filter design

The problem : How to design an electronic circuit which
corresponds to a fixed |h(w)|? (we do not care about the phase) ?
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I11.1.c Time continuous filtering : Filter design

Rephrasing the problem : We choose a positive-valued function
H(w), and we want to find two polynomials N(z) and D(z) such
that

@ N and D have real coefficients

o The filter ALI)((’::’)) is causal and stable, i.e.,

(i) 6N < 6D
(i) All the solutions of D(z) = 0 are such that ®(z) <0
@ One has (i)
fw
H(w)
|D(w)?
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I11.1.c Time continuous filtering : Filter design

Theorem If a positive valued function H(w) satisfies

@ H is a rationnal fraction in iw with real coefficients, of the

form P(iw)
iw
H) = Qi)
with 0P < 6Q
@ The poles of H (i.e., the roots of Q(z)) are such that
R(z) #0

Then we can design an electronic circuit corresponding to a (stable
and causal) filter h(t) such that
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I11.1.c Time continuous filtering : Filter design

Application The Butterworth low-pass filters h,;; »

_ 1
1+ (w/wo)?n

09 1

=00 NI
o

33333

08 1

07 1

06 1

05 1

04 L

03 1

02 1

01 L1

-
30

00 A ————
14 16 18 20 22 24 26 28 3

00 02 04 06 08 10 12

E.Bacry Audio Signal Processing : |. Introduction - MVA



I11.1.c Time continuous filtering : Filter design

What about the phase ?

@ Linear phase filters

@ Minimum phase filters
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I11.2 Time discrete filtering

Framework :

s[n] is a time-discrete signal (= sampling of an analog signal)

s[n] is real-valued
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I11.2.a Time discrete filtering : Recursive filters (ARMA)

Causal filtering in discrete time :

hx s[n] = Z h{k]s[n — k]

k>0

We want to have a finite number of operations !

— we need to have h[k] to be compact support
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I11.2.a Time discrete filtering : Recursive filters (ARMA)

Definition : A Moving Average filtering (MA)

e f[n] (resp. g[n]) is the input (resp. output) signal
e g[n] = h=xf[n]

M
gln] = Z bif[n — K|
k=0

And in Fourier space

with
M
B(eiw) — Z bke—iw
k=0
In that case, the filter h is simply given by
h(e™) = b(e™)
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I11.2.a Time discrete filtering : Recursive filters (ARMA)

A Moving Average filtering (MA)
gln] = h fln]
with
~ . "~ . M .
h(elw) — b(elw) — Z bke—klw
k=0
This is a Finite-Impulse-Response (FIR) filter (i.e., b is compact
support).

— If we want to implement "sharp band filters, one need
large support which will induce ... long computations.
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I11.2.a Time discrete filtering : Recursive filters (ARMA)

How could we implement a (causal)
Infinite-lmpulse-Response (IIR) filter with a finite number of
operations ?
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I11.2.a Time discrete filtering : Recursive filters (ARMA)

Definition : An Auto-Regressive filtering (AR)

e f[n] (resp. g[n]) is the input (resp. output) signal
e g[n] = hxf[n]

N
gln] = f[n] — Z akg[n — k], with ag =1
k=1

or equivalently

N
Z akg[n — k] = f[n]
k=0

Then
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I11.2.a Time discrete filtering : Recursive filters (ARMA)

Definition : An Auto-Regressive filtering (AR)

gln] = h f{n]

with

N
Z akgln — k] = f[n]
k=0

And

n 1 1
h Iw p— " P—
(%) = 5e) ~ T ave

= h is an lIR filter that can be immplemented with a finite
number of operations !
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I11.2.a Time discrete filtering : Recursive filters (ARMA)

Definition : An ARMA filter (= AR+MA)
gln] = hx f{n]

with

N M
Z axg[n— k] = Z bef[n— k] with ag =1
k=0 k=0

Thus

b(e™) _ SpLg bre™ ke
(e) S Rgake ik

Q>
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I11.2.a Time discrete filtering : Recursive filters (ARMA)

An ARMA filter (= AR+MA)

M .
/A,)(eiw) — Zk:O bke ke
ZQI:O ake—ikw

Thus, the Z transform is

. ZQ/’:O b Z ¥

h(Z) =
koo akZ 7k
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I11.2.b Time discrete filtering : Stability and Causality of ARMA filters

Let's remember that in general
h(Z)=> h[n)Z~"

and the convergence domain is a ring C = {Z, p1 < |Z] < p2}

Thus

o Causality

h(z)=> hinz™"

n>0
= The convergence domain is of the form C = {p; < |Z|}
o Stability

Z |h[n]| < +o0

= The convergence domain is such that 1 € C
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I11.2.b Time discrete filtering : Stability and Causality of ARMA filters

An ARMA filter (= AR+MA)
M —k
h(Z) = 27\70 bz _ N(Z)
Zkzo akZ_k D(Z)
where N and D are polynomials with real coefficients.

Thus
e Causality : Always ! (by definition)
e Stability: 1 € C

= Cis of the foom C = {Z, |Z| > p} with p > 1
= the roots of D(Z) = 0 verify Z < 1
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I11.2.b Time discrete filtering : MA and CNN's

A MA filter =~ first layer of a 1D-CNN

When we add zero padding, we normally do so on both sides of the sequence (as in image padding)

lof1 2|3 |4 |5]|6|7]|8f0

wilwzfus |
wi| w2 [w3 The length result of the convolution is
— wel known to be
MJ w2 [wa | seglength - kwidth + 1= 10-3+1=8
e
[ wi|w2|ws So the output matrix will be (8, 100)

because we had padding

The kernel size, number of filters are hyperparameters once again.

ignal Processing



I11.2.b Time discrete filtering : MA and CNN's

A MA filter ~ first layer of a 1D-CNN .. In Action !

Baseline
Convolutional
layer
Sigmoid
Pooling Dense scores,
] _ layer layers o(z)
wW* ¢ - -
Filter banks i o ® O
§ Fy 1 1 . . . .
HE. i']‘: : c EEE B
' 1214

time J /
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I11.2.b Time discrete filtering : MA and CNN's

A MA filter ~ first layer of a 2D-CNN

kernel

image
height

image

image width
\\/\
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I11.2.b Time discrete filtering : MA and CNN

A MA filter ~ first layer of a 3D-CNN

3D data
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I11.2.b Time discrete filtering : MA and CNN's

A ARMA filter ~ first layer of a SimpleRNN

model keras models . Se ent

keras layers f return_sequences
input_shape
keras.layers 1eRNN

keras.layers

o+ = = o = = (= -
Ea s

0+ - - > < . > >
Y e R
X X X X X X X
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I11.2.c Time discrete filtering : Filter design of an ARMA

The problem : How to design a discrete time filter which
corresponds to a fixed |h(e™)|? (we do not care about the phase) ?
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I11.2.c Time discrete filtering : Filter design of an ARMA

Theorem If a positive valued function H(e™) satisfies

@ H is a rationnal fraction in e with real coefficients, of the

form ( ) )
; P(e'“
H(e') = .
( ) Q(e:w)
with 0P < 6Q
@ The poles of H(Z) (i.e., the roots of Q(Z)) are such that
|IZl <1>

Then we can design a discrete time ARMA filter corresponding to
a (stable and causal) filter h[n] such that

[h(e™)]? = H(e™)
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I11.3 Time discrete filtering : Second order cell

The simplest ("interesting") ARMA filter is an AR(2) :

. bo
h(Z) =
(%) 1+ a1 Z7 1+ a,772

Thus There are two poles pe/“® and pe~/«o

—
this is an IR band-pass filter !
@ wy the resonnance frequency

@ p allows to tune the band-width

@ bg is the amplittude
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I11.3 Time discrete filtering : Second order cell

A classical bandwidth filter AR(2) MA(2)
- (Z-1(Z+1))
h(Z) = 1 )
1+ a7+ a2
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I11.3 Time discrete filtering : Second order cell

~ bo
h(Z) =
( ) 1—}—31271—1-22272

= Interpolation of parameters is possible keeping stability !

Percussive sound synthesis
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I11.4 Time discrete filtering : An efficient implementation of second order cells

" 7\l\
Locrzmuiie SRR {
ey
N ,<——- 2) l‘ZT_ Ya -y
\ YR e s o,
Al | T e
@ Input : xpy
e Output : xp
$0-1(2) = —knZ titp_1(2) + %(2)
0n(2) = knkn1(2)+Z titp_1(2)
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